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a b s t r a c t
A graph G is said to have the property Ed(m, n) if, given any two disjoint matchingsM and
N such that the edges within M are pair-wise distance at least d from each other as are
the edges in N , there is a perfect matching F in G such that M ⊆ F and F ∩ N = ∅. This
property has been previously studied for planar triangulations as well as projective planar
triangulations. Here this study is extended to triangulations of the torus and Klein bottle.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A graph G with a perfect matching is said to be m-extendable if |V (G)| ≥ 2m + 2 and every matching of size m extends
to (i.e., is a subset of) a perfect matching. (For a general reference on the subject of matching extension, see [14].)
In [12] it was shown that no planar graph is 3-extendable. On the other hand, it was shown in [13] (see also [7]) that every
5-connected even planar graph is 2-extendable. In studying these results, one gets the idea that if extendability fails, it is
because the edges to be extended are somehow ‘‘too close together’’. An attempt to quantify this notionwas first undertaken
in [2] where it was shown that (a) for 4-connected planar even triangulations it is possible to have three edges at pair-wise
distance arbitrarily large, which do not extend to a perfect matching, but (b) for 5-connected planar even triangulations
every triple of edges pair-wise distant at least two does extend to a perfect matching.
We say that a graph G has property Ed(m, n) if for every matchingM of orderm in which the edges are at least distance d
apart and for everymatching N of order n such thatM∩N = ∅ and in which the edges are at least distance d apart, there is a
perfect matching F of G such that M ⊆ F and F ∩ N = ∅. A summary of those values m and n for which a k-connected
graph G must be E1(m, n) for graphs which embed in the plane, projective plane, torus and Klein bottle may be found
in [1,3].
The study of Ed(m, n) for d ≥ 2 for graphs embedded in surfaces was begun in [2] and continued in [4,5]. An example of a
5-connected evenplanar triangulationwas given in [2]which is not E2(4, 0). On the other hand, in [3] itwas shown that every
5-connected planar even triangulation is E3(4, 0). Moreover, an infinite family of 5-connected even planar triangulations
which are not E3(10, 0)was presented there aswell. Subsequently, in [4] it was shown that if the pair-wise distance between
edges of a matchingM withM ≤ (|V (G)| − 2)/2 is at least five, then the matching extends to a perfect matching.
In the present paper, we take up analogous questions for graphs embedded on the torus and Klein bottle.
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Fig. 2.1.
We adopt the following notation. The neighborhood of vertex v will be denoted by N(v) and v ∪N(v) by N[v]. Similarly,
NS(v) = N(v) ∩ S and NS[v] = v ∪ NS(v), for any set S ⊆ V (G). Then NS(X) = ∪x∈X NS(x) and if e = uv, ei and ej are edges
in G, then N(e) = N(u) ∪ N(v), and if d denotes distance, d(x, e) = min{d(x, u), d(x, v)}, where x ∈ V (G), and d(ei, ej) is
the minimum distance between any vertex of ei and any vertex of ej. For all other notation and terminology, see [6].
2. Main results
We begin by noting that a 3-connected even toroidal or Klein bottle triangulation need not even have a perfect matching.
An example of this may be constructed by replacing the hexagon ABCDEF and its interior vertex in the hexagonal grid
shown in Fig. 2.1 with the 21-vertex graph H . The resulting 3-connected even toroidal triangulation clearly contains no
perfect matching. Infinitely many such examples may be constructed by suitably enlarging the hexagonal grid. Moreover,
corresponding examples which triangulate the Klein bottle may be obtained by identifying the sequence of vertices at the
top with the reverse sequence at the bottom.
It is known, however, that any 4-connected even graph embedded on either the torus or the Klein bottle always has a
perfect matching. (Cf. Theorems 4.3(a) and 5.3(a) of [3] respectively.) On the other hand, let us observe that a 4-connected
even triangulation of either the torus or Klein bottle is not necessarily 1-extendable. To see this, consider the 4-connected
even triangulation on sixteen vertices embedded on the torus shown in the Fig. 2.2.
If one deletes the edge e shown, together with its endvertices, one is left with a graph in which there is a set of fourteen
vertices (thosewith degree greater than four) the deletion ofwhich leaves sixteen isolated vertices. Thus by Tutte’s theorem,
there is no perfect matching of the original graph which includes edge e.
The same graph can be embedded on the Klein bottle simply by identifying the sequence of vertices 12341 at the top
with the reverse sequence 14321 at the bottom.
A 4-connected even triangulation of the torus or the Klein bottle need not be Ed(0, 2) either. To see this, consider an
arbitrarily large tessellation of the type shown in Fig. 2.2, choose two quadrilaterals spanned by black vertices which are at
least distance d from each other and replace these quadrilaterals (and the white vertices in their interiors) with the 6-vertex
configuration shown in Fig. 2.3. If the two edges corresponding to edge f are deleted, then the resulting graph has no perfect
matching.
A corresponding example for theKlein bottle is thenobtainedby identifying the top andbottomof the toroidal embedding
with a twist in the usual way.
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Fig. 2.2.
Fig. 2.3.
Moving to the 5-connected case, although it is true that a 5-connected even triangulation of the torus or the Klein bottle
is always 1-extendable (see Theorems 4.3(b) and 5.3(b) of [3] respectively), it is not necessarily true that such graphs are
2-extendable. (See Fig. 4.5 of [3].)
Indeed,Mizukai et al. [8] (see also [11]) characterized the pairs of independent edgeswhich cannot be extended to perfect
matchings in 5-connected even triangulations of the torus and the Klein bottle. These characterizations show that if G is a
5-connected even triangulation of the torus or the Klein bottle and edges e1, e2 cannot belong to the same perfect matching
of G, then the distance between e1 and e2 is at most two. Thus we have the following.
Theorem 2.1. If G is a 5-connected even triangulation of the torus or of the Klein bottle, then G is Ed(2, 0) for all integers
d ≥ 3. 
The preceding theorem is sharp in the sense that there are 5-connected even triangulations of both the torus and Klein
bottle which are not E3(3, 0) (and hence not Ed(3, 0), d ≥ 3). We present two such examples, the first for the torus and the
second for the Klein bottle, in the following figures.
In both the Figs. 2.4 and 2.5, the symbol P denotes a pentablob of arbitrary (odd) order bounded by the 5-cycle containing
the symbol ‘‘P ’’. Pentablobs are described and shown in [4,5]. Essentially pentablobs are obtained by taking a vertex v
surrounded by k concentric 5-cycles for some k ≥ 0. Join v to the five vertices on the innermost 5-cycle and then add
edges between vertices in each pair of neighboring concentric 5-cycles to form 10-cycles whose vertices alternate between
neighboring 5-cycles. An example with k = 3 is shown in Fig. 2.6.
Note that one can easily generate infinite families here by simply enlarging the pentablobs as done in [4].
In [3] an examplewas given to show that a 5-connected even triangulation of the torus is not necessarily E(2, 1), although
it was shown in the same paper that such graphs must be E(1, 2). The next result follows from Theorem 4.3(b) of [3].
Theorem 2.2. If G is a 5-connected even triangulation of either the torus or the Klein bottle, then G is Ed(1, 2) for all d ≥ 1. 
We now present examples of 5-connected even triangulations of the torus which are not E3(1, 3) and of the Klein bottle
which are not E3(1, 4). In Fig. 2.7 the configurationH is to be inserted into each of the three faces of the toroidally embedded
graph (a), above it, taking care to choose disjoint pairs of antipodal vertices of each face to identify with the vertices v1 and
v2 of H . Similarly for the four faces of the Klein Bottle embedded graph (b). In both cases, infinitely many counterexamples
may again be produced by enlarging the pentablobs.
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Fig. 2.4.
Fig. 2.5.
Fig. 2.6.
It is known that 5-connected even triangulations of both the torus and Klein bottle are E(0, 4), but not necessarily E(0, 5).
(Cf. [3].) If we consider matchings at distance two, we cannot expect much more as is evidenced by the example shown in
Fig. 2.8 which is 5-connected, even and triangulates the torus, but is not E2(0, 6). One can construct a very similar example
which is 5-connected, even and triangulates the Klein bottle, but is not E2(0, 6) as well.
However, at d = 3, we reach a threshold where there exists a perfect matching avoiding as many edges as we like as
long as they lie at distance at least 3 from each other.
Theorem 2.3. If G is a 5-connected even triangulation of either the torus or the Klein bottle, then G is E3(0, k), for all k ≥ 1.
Proof. Suppose to the contrary that G is a 5-connected even triangulation of the torus (or of the Klein bottle) and let
F = {f1, . . . , fk} be a set of edges at distance at least 3 from each other. Suppose G′ = G − f1 − · · · − fk contains no
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Fig. 2.7.
Fig. 2.8.
perfect matching and that k is as small as possible for such a set to exist. Considering Theorem 2.2, we know that k ≥ 3.
By Tutte’s theorem and parity considerations, there is a set of vertices S ⊆ V (G′) such that co(G′ − S) ≥ |S| + 2. By the
minimality of k, we can conclude that co(G′ − S) = |S| + 2. Now form a bipartite graph G∗ from G′ as follows. Delete all
the even components of G′ − S, and all edges within G′[S]. Replace each odd component of G′ − S with a separate singleton
vertex and join each such singleton to precisely those vertices of S which were joined to the odd component replaced by
that singleton. In the resulting graph we have |V (G∗)| = 2|S| + 2. Since G∗ is bipartite and has genus (resp. non-orientable
genus) no more than 1 (resp. 2), G∗ has |E(G∗)| ≤ 2|V (G∗)| edges.
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On the other hand, since G is 5-connected, there are at least 5(|S| + 2) − 2k edges from odd components of G′ − S to
vertices of S. Thus
4|S| + 4 ≥ 5(|S| + 2)− 2k
2k− 6 ≥ |S|. (∗)
But G is a triangulation and edges in F are at distance at least 3 apart, so each edge in F has two neighbors in S which are
not neighbors of any other edge in F . From this we see that |S| ≥ 2k, contradicting (∗). 
On the other hand, if we increase our connectivity demand to 6, we have the following positive results.
First we obtain a distance 2 3-extendable result for 6-connected even triangulations embedded on the torus.
Theorem 2.4. If G is a 6-connected even triangulation of the torus or the Klein bottle, then G is E2(3, 0).
Proof. We present the proof for the torus. The proof for the Klein bottle is exactly the same.
Suppose G is a 6-connected even toroidal triangulation, which is not E2(3, 0). Let M = {e1, e2, e3} be a set of 3 edges at
mutual distance two or more which does not extend to a perfect matching and let V (ei) = {ui, vi}, for i = 1, 2, 3. Then since
graph G′ = G − V (e1) − V (e2) − V (e3) has no perfect matching, by Tutte’s theorem there is a barrier set S ⊆ V (G′) such
that co(G′ − S) ≥ |S| + 2. Choose a smallest such S. By parity considerations we have co(G′ − S) = |S| + 2 + 2j for some
non-negative integer j. Note that the minimality of S implies that each vertex in S has neighbors in at least three of the odd
components in G′ − S. Moreover, the fact that G is 2-extendable by Theorem 4.3(d) of [3] implies that each edge ei ∈ M has
neighbors in at least two of these odd components and, in addition, that j = 0. (Edge ei has a neighbor in component C if
either of its endvertices is adjacent to a vertex in V (C).)
Since G is 6-connected, |E(G)| ≥ 6(|S| + 2).
We now create a new graph we call the ‘‘bipartite distillation’’ of graph G as follows.
Let K = V (M) ∪ S. Delete all the even components of G − K , and all edges within G[K ]. Replace each odd component
of G − K with a separate singleton vertex and join each such singleton to precisely those vertices of K which were joined
to the odd component replaced by that singleton. The resulting planar or toroidal bipartite graph we call G∗. Since G∗ is
bipartite and either planar or toroidal, |E(G∗)| ≤ 2|V (G∗)| ≤ 2(2|S| + 2 + 6) = 4|S| + 16. On the other hand, since
every odd component of G − K has at least six vertices of attachment in K because of 6-connectivity of G, it follows that
|E(G∗)| ≥ 6(|S| + 2). Thus 2|S| ≤ 4 which implies that |S| ≤ 2.
Now let C ′ denote any odd component of G′ − S and let K ′ ⊆ K be the set of neighbors of the odd component C ′. Let
K ′′ ⊆ K ′ be a minimal cutset in G. So each vertex of K ′′ is adjacent to at least one vertex in C ′ and to at least one vertex in
G− V (C ′). Then, since G is 6-connected, |K ′′| ≥ 6.
Claim 1. G[K ′′] has minimum degree at least two.
Choose a vertex v ∈ K ′′. Now G is 6-connected and hence 6-regular by [9,10]. Let us then traverse the six neighbors of
v in, say, clockwise order, beginning at a vertex w1 ∈ V (C ′). Since K ′′ is minimal, we must reach a vertex w2 of G − V (C ′).
But since G is a triangulation, we must have traversed a vertex of K ′′ between w1 and w2. Continuing on about v, we must
encounter a second neighbor of v in K ′′ before returning tow1. This proves Claim 1.
Claim 2. |S| = 2 and S ⊆ K ′.
Since the ei’s lie at pairwise distance 2 apart, the neighbors of ui in K lie in {vi} ∪ S and the neighbors of vi must lie in
{ui} ∪ S.
Suppose now that |K ′′ ∩ S| ≤ 1. Then |K ′′ ∩ V (M)| ≥ 5. Choose v ∈ K ′′ ∩ V (M). Then by Claim 1, v has at least two
neighbors in K ′′ and at most one of these lies in V (M). Hence K ′′ ∩ S ≠ ∅.
If |K ′′ ∩ S| = 2, then |S| = 2 and S ⊆ K ′′ ⊆ K ′; i.e., Claim 2 holds. So let us suppose, to the contrary, that |K ′′ ∩ S| = 1
and let K ′′ ∩ S = {s}.
At this point, note that each v ∈ K ′′ ∩ V (M)must be adjacent to s and by Claim 1, v is adjacent to exactly one vertex of
V (M)∩ K ′′. So s is adjacent to at least five vertices of V (M)∩ K ′′ ⊆ K . But s has neighbors in at least three odd components
of G − K and hence at most three neighbors in K . In fact, the six neighbors of s ∈ S form a hexagon the vertices of which
lie alternately in K and in V (G) − K . But then s is adjacent to at most three vertices of V (M) ∩ K ′′ ⊆ K , and we have a
contradiction.
So |K ′′ ∩ S| = 2. Hence |S| = 2 and Claim 2 is proved.
But Claim 2 holds for each of the four odd components ofG−K and so both vertices of S have neighbors in each of the four
odd components of G − S. However, this contradicts our earlier observation that each vertex in S has neighbors in exactly
three odd components of G− S.
This completes the proof of the theorem. 
It is known that all 6-connected even triangulations of the torus and of the Klein bottle are E(2, 1). (Cf. [3].) Furthermore,
in the same paper an example is given of a 6-connected even triangulation of the Klein bottle which is not E2(2, 2). A
corresponding example for the torus remains unknown.
Now we have the somewhat surprising result to show that by increasing the separation distance on our edges to three,
anymatching so separated can be extended to a perfect matching.
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Theorem 2.5. If G is a 6-connected even triangulation of the torus or of the Klein bottle and G contains a set of m edges at mutual
distance at least three, then G is E3(m, 0).
Proof. We present the proof for the torus. The proof for the Klein bottle is exactly the same.
Suppose G is a 6-connected even triangulation of the torus which is not E3(m, 0). Choosem to be as small as possible such
that E3(m, 0) fails and let M = {e1, . . . , em} be a set of m edges at mutual distance three or more which does not extend
to a perfect matching. Note, by Theorem 4.3(d) of [3], G is E(2, 0) and hence E3(2, 0) so we may assume that m ≥ 3. Then
since graph G′ = G− V (e1)− · · · − V (em) has no perfect matching, by Tutte’s theorem there is a barrier set S ⊆ V (G) such
that co(G′ − S) ≥ |S| + 2. By the minimality ofm, we conclude that co(G′ − S) = |S| + 2. Note that the minimality ofm also
guarantees that each edge ei ∈ M has neighbors in at least two odd components of G′ − S.
Let K = S ∪ V (e1) ∪ · · · ∪ V (em). Since G is 6-connected, each odd component in G− K has at least six neighbors in K .
Now, as in the proof of Theorem 2.4 we form the bipartite distillation of G based on K . The resulting toroidal or planar
bipartite graphwe callG∗. SinceG∗ is bipartite and toroidal or planar, |E(G∗)| ≤ 2|V (G∗)| ≤ 2(2|S|+2m+2) = 4|S|+4m+4.
On the other hand, since every odd component of G−K has at least six vertices of attachment in K because of 6-connectivity
of G, it follows that |E(G∗)| ≥ 6(|S| + 2). Thus |S| ≤ 2m− 4.
Choose such an S to be as small as possible. Consequently, each s ∈ S has neighbors in at least three odd components of
G′ − S.
Claim 1. Each ei ∈ M has at least two neighbors in S.
Proof of Claim 1. Choose an edge in M with as few neighbors in S as possible. Without loss of generality, we may assume
this is e1 = u1v1. As observed earlier, e1 has neighbors in at least two odd components of G − K . Since G is a triangulation
and d(e1, ei) ≥ 3, 2 ≤ i ≤ m, we readily see that e1 must have at least one neighbor in S. So suppose e1 has precisely one
neighbor in S. Call it s1 and consider N(s1).
Embed G such that the six neighbors of s1 form a hexagon containing just s1. (Cf. [9,10]) Let the neighbors of s1 be labeled
c1, x, c2, y, c3, z in order as we travel around the hexagon clockwise. Here we have ci ∈ V (Ci) i = 1, 2, 3 where each Ci is a
distinct odd component of G− K . The neighbors of s1 labeled x, y, z belong to K .
Claim 2. {u1, v1} ⊂ {x, y, z}.
To see this we suppose, without loss of generality, that u1 = x and v1 ∉ {x, y, z}. Now, since v1 has no neighbors in
K − u1, the remaining five neighbors of v1 must all lie in the same odd component of G−K . But, since this is a triangulation,
this requires that all neighbors of u1, apart from s1 must lie in this same odd component of G − K . In particular, c1 and c2
must lie in the same odd component; a contradiction. This establishes Claim 2.
Thus we may assume, without loss of generality, that u1 = x, v1 = y and z ∈ S. Consider the fifth and sixth neighbors of
u1. Neither of these is z or we are done (since z ∈ S). Fan through the neighbors of u1 clockwise starting from c1. If this next
neighbor is not v1, it must be in C1, the same odd component as c1 (since G is a triangulation). Continue in this way until we
strike the ‘‘last’’ neighbor of u1 in C1. Call it c ′1 and note that c
′
1 = c1 is possible. Then c ′1v1 ∈ E(G).
Now fan through the neighbors of v1 clockwise starting at c3. The neighbors, in order are c3, s1, c2, α, β, γ , where some
consecutive pair from α, β, γ are c ′1 and u1, in some order. Since G is a triangulation, αc2 ∈ E(G) and γ c3 ∈ E(G), so neither
of α and γ can be c ′1. Thus β = c ′1 and either α = u1, forcing γ to be in S (as both c ′1γ ∈ E(G) and γ c3 ∈ E(G)), or γ = u1,
forcing α to be in S (as both c ′1α ∈ E(G) and αc2 ∈ E(G)). In either event, we have a second neighbor of e1 in S and Claim 1
follows.
By Claim 1, each ei has at least two neighbors in S and, since d(ei, ej) ≥ 3, i ≠ j, we have NS(ei)∩NS(ej) = ∅ so |S| ≥ 2m.
But earlier we saw that |S| ≤ 2m− 4; a contradiction and the result follows. 
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